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Abstract
We obtain new conditions of the permanence and “contractivity” of solutions and the global
asymptotic stability for the positive equilibrium x∗ = 1/(a +∑mj=0 bj ) of the following logistic
equation with general delays:

dx(t)
dt
= x(t)r(t)
{
1 − ax(t) −
m∑
j=0
bj x
(
τj (t)
)}
, t  t0,
x(t) = φ(t) 0, −τ  t  t0, and φ(t0) > 0,
(0.1)
where r(t) is a nonnegative continuous function on [t0,+∞), a + b− > 0 or a = b− = 0, and b− =∑m
j=0 min(0, bj ), each τj (t) is piecewise continuous on [t0,+∞), −τ  τj (t) t for 0 j  m,
and τ (t) ≡ min1jm τj (t) → +∞ as t → +∞. The results improve that of J.W.-H. So and J.S. Yu
[Hokkaido Math. J. 24 (1995) 269–286]. For a logistic equation with nonlinear delay terms, a similar
result is obtained.
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Consider the following logistic equation with delays:
dN(t)
dt
= rN(t)
{
1 − aN(t) −
m∑
j=0
bjN(n − j)
}
, n t < n + 1, n = 0,1,2, . . . , (1.1)
with initial conditions of the form
N(0) = N0 > 0 and N(−j) = N−j  0, j = 1,2, . . . ,m, (1.2)
where bj  0, j = 0,1,2, . . . ,m, m 1 and ∑mj=0 bj > 0.
It is assumed in Eq. (1.1) that N(t) denotes the biomass (or population density) of a
single species at time t . For m = 0, using elementary methods of differential calculus,
Gopalsamy and Liu [3] gave a sufficient condition for all positive solutions of the corre-
sponding discrete dynamic system to converge eventually to the positive equilibrium.
Seifert [5] investigate conditions that the positive equilibrium of Eq. (1.1) is asymptoti-
cally stable or the solution of Eq. (1.1) has periodic points.
Concerning conditions for the positive equilibrium of Eq. (1.1) with a = 0 to be
globally asymptotically stable, Gopalsamy, Kulenovic, and Ladas [2] have obtained r <
log 2/(m + 1), and So and Yu [6], considering a more general case r = r(t) 0, improved
this condition to
∞∫
0
r(t) dt = +∞ and sup
n0
n+1∫
n−m
r(t) dt  3
2
.
Muroya [4] extended their results to a ∈ R and established sufficient conditions for
the persistence of the species under the type of harvesting considered and also obtained
improved conditions for the contractivity of solutions and the global asymptotic stability
for the positive equilibrium of a population model (1.1).
In this paper, we consider the following logistic equation with general delays:
dx(t)
dt
= x(t)r(t)
{
1 − ax(t) −
m∑
j=0
bjx
(
τj (t)
)}
, t  t0, (1.3)
with initial conditions:
x(t) = φ(t) 0, −τ  t  t0, and φ(t0) > 0, (1.4)
where r(t) is a nonnegative function on [t0,+∞), −τ  τj (t)  t for 0  j  m, and
τ (t) ≡ inf1jm τj (t) → +∞ as t → +∞. Using the similar techniques as the applied to
Eq. (1.1) in Muroya [4], we extend the results of So and Yu [6] to the both cases a+b− > 0
and a = b− = 0 with general delays and obtain new conditions of the persistence and
“contractivity” of solutions and the global asymptotic stability for the positive equilibrium
x∗ = 1/(a +∑mj=0 bj ) of Eq. (1.1).
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stants m and M such that
m lim inf
t→∞ x(t) lim supt→∞
x(t)M. (1.5)
We say that solutions of Eq. (1.3) have the contractivity for a sufficiently large t  t0 if
there is a constant 0 < k  1 such that for a sufficiently large t  t0,∣∣x(t) − x∗∣∣ k max
τ 2(t)sτ¯ (t )
∣∣x(s)− x∗∣∣. (1.6)
Concerning the permanence of solutions of Eq. (1.3), we have the following theorem.
The proof is analogous to that of Theorem 4.1 in Muroya [4].
Theorem 1.1. Assume a + b− > 0 or a = b− = 0, and ∫∞
t0
r(t) dt = +∞. Then, for any
r¯ < +∞, there exists t¯1  t0 such that for any t  t¯1,
M  x(t)M, (1.7)
where
M =


1
a + b− , if a + b
− > 0 and r¯  ln a + b
a + b− ,
1
a + be
r¯ , if a + b− > 0 and r¯ < ln a + b
a + b− ,
1
b
er¯ , if a = b− = 0,
(1.8)
and
M = 1
a + b + a(er¯(1−b−M) − 1)/(1 − b−M) min
{
1, er¯(1−b+M)
}
> 0. (1.9)
Hence, for r¯ < +∞, Eq. (1.3) is permanent.
Next, we provide the main theorem for the contractivity of solutions and the global
asymptotic stability for the positive equilibrium of Eq. (1.3).
Theorem 1.2. Assume a + b− > 0 or a = b− = 0. If for

r¯ < +∞, if a  bˆ,
r¯  a + b
−
a
ln
(
1 + a(a + b)
(a + b−)(bˆ − a)
)
, if 0 < −b− < a < bˆ,
r¯  ln 2
1 − a/b , if b
− = 0 < a < b,
r¯  ln 2, if a = b− = 0,
(1.10)
then for a sufficiently large t  t0,∣∣x(t) − x∗∣∣ max
τ 2(t)sτ¯ (t )
∣∣x(s) − x∗∣∣; (1.11)
that is, solutions of Eqs. (1.3)–(1.4) have the contractivity.
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lim
t→∞x(t) = x
∗, (1.12)
and hence, the positive equilibrium x∗ of Eq. (1.3) is globally asymptotically stable.
On the other hand, in the case b− = 0  a < b, one can see that the nice techniques
used to prove Theorem 3.1 in So and Yu [6] for Eq. (1.3) with piecewise constant delays
can be also applied to Eq. (1.3) with general delays.
Further, in Theorem 1.2,
ln
2
1 − a/b 
3
2
if and only if
(
1 − 2e−3/2)b a < b.
As a result, we obtain the following theorem.
Theorem 1.3. If b− = 0 a < b and ∫∞t0 r(t) dt = +∞, then for

r¯  ln 2
1 − a/b , if
(
1 − 2e−3/2)b a < b,
r¯  3
2
, if 0 a < (1 − 2e−3/2)b, (1.13)
the positive equilibrium x∗ of Eq. (1.3) is globally asymptotically stable.
Theorems 1.2 and 1.3 generalize Theorem 3.1 of So and Yu [6] for piecewise constant
delays to general delays in Eq. (1.3). Moreover, for the case of (1 − 2e−3/2)b  a < b,
a stronger result than “3/2 estimates” in So and Yu [6] is established and if a → b−0 then
ln 2/(1 − a/b) → +∞.
The organization of this paper is as follows. In Section 2, applying Lemmas 4.1 and
4.2 in Muroya [4], we prove Theorem 1.2. In Section 3, applying the above techniques to
a logistic equation which has nonlinear delay terms, we obtain a result similar to Theo-
rems 1.1–1.3 (cf. Chen and Liu [1], Yu [7] and Zhou and Zhang [8]).
2. Permanence and global stability in logistic equations with general delays
In this section, we consider conditions of permanence, contractivity of solutions, and
global asymptotic stability for the positive equilibrium x∗ = 1/(a +∑mj=0 bj ) of Eq. (1.3).
Assume
a + b > 0, where b =
m∑
j=0
bj , (2.1)
and put

x∗ = 1
a + b , bj = b
+
j + b−j , b+j  0, b−j  0, 0 j m,
bˆ =
m∑
|bj | < +∞, b+ =
m∑
b+j  0, and b
− =
m∑
b−j  0.
(2.2)j=0 j=0 j=0
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Let D−x(t) be the left-hand side derivative at t of the function x(t). First, we have the
following two basic lemmas. The proofs are the same as these of Lemmas 4.1 and 4.2 in
Muroya [4].
Lemma 2.1.
(a) Assume
a  bˆ. (2.3)
Then,
a + b− > 0, b
+
a + b− 
b+ + |b−|
a
 1. (2.4)
If for t¯  t0, x(t) > x∗ and D−x(t) 0, then
x(t) − x∗  b
+
a + b− max0jm
∣∣x(τj (t))− x∗∣∣, (2.5)
and if for t  t0, x(t) < x∗ and D−x(t) 0, then
x(t) − x∗ − b
+
a + b− max0jm
∣∣x(τj (t))− x∗∣∣. (2.6)
(b) Suppose
a + b−  0. (2.7)
(i) If for t¯  t0, x(t) > x∗ and D−x(t) 0, then
|b−|x(τj (t)) |b−|x(t), 0 j m,
imply b+ > 0 and min
0jm
x
(
τj (t)
)
 x∗. (2.8)
In particular, if a + b− > 0, then
x(t) <
1
a + b− . (2.9)
(ii) If for t  t0, x(t) < x∗ and D−x(t) 0, then
|b−|x(τj (t)) |b−|x(t), 0 j m,
imply b+ > 0 and max
0jm
x
(
τj (t)
)
 x∗. (2.10)
From Lemma 2.1, we easily get the following corollary.
Corollary 2.1. Assume b− = 0  a, and put x(t) be the solution of Eqs. (1.3)–(1.4). If
x(t) is eventually greater (respectively less) than x∗, then x(t) is monotone decreasing
and greater (respectively monotone increasing and less) than x∗.
394 Y. Muroya / J. Math. Anal. Appl. 302 (2005) 389–401Using Lemma 2.1 and Corollary 2.1, we extend Lemma 2.1 in So and Yu [6] to the case
a + b− > 0 or a = b− = 0, as follows:
Lemma 2.2. Assume a + b− > 0 or a = b− = 0, and let x(t) be the solution of Eqs. (1.3)–
(1.4). If x(t) is eventually greater (respectively less) than x∗, then limt→∞ x(t) exists and
is positive. Furthermore, if ∫∞t0 r(t) dt = +∞, then limt→∞ x(t) = x∗.
Remark 2.1. By Lemmas 2.1 and 2.2, we see that under the conditions
a + b− > 0 or a = b− = 0, and
∞∫
t0
r(t) dt = +∞,
the analysis of global stability needs to investigate only the case of a solution x(t) that
is oscillatory about x∗. If there is a point t¯  t0 such that for t0  t  t¯ , |x(t) − x∗| 
|x(t) − x∗|, then the conditions (2.8) or (2.10) in Lemma 2.1 really occur.
We provide the following basic lemma for global analysis of Eq. (1.3) (see Lemma 2.1
in Muroya [4]).
Lemma 2.3. For any t¯l+1 and any t¯l  t0 such that τ (t¯l+1) t¯l  t¯l+1,
x(t¯l+1) =
x(t¯l) exp
( t¯l+1∫
t¯l
r(s)
{
1 −
m∑
j=0
bjx
(
τj (s)
)}
ds
)
1 + ax(t¯l)
t¯l+1∫
t¯l
r(s) exp
( s∫
t¯l
r(σ )
{
1 −
m∑
j=0
bjx
(
τj (σ )
)}
dσ
)
ds
, (2.11)
and
x(t¯l+1) − x∗ =
(
1 − ak¯(t¯l , t¯l+1))(x(t¯l) − x∗)
−
x(t¯l)
t¯l+1∫
t¯l
r(s)
{
m∑
j=0
bj
(
x
(
τj (s)
)− x∗)
}
× exp
( s∫
t¯l
r(σ )
{
1 −
m∑
j=0
bjx
(
τj (σ )
)}
dσ
)
ds
1 + ax(t¯l)
t¯l+1∫
t¯l
r(s) exp
( s∫
t¯l
r(σ )
{
1 −
m∑
j=0
bjx
(
τj (σ )
)}
dσ
)
ds
,
(2.12)
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k¯
(
t¯l , t¯l+1
)=
x(t¯l)
t¯l+1∫
t¯l
r(s) exp
( s∫
t¯l
r(σ )
{
1 −
m∑
j=0
bjx
(
τj (σ )
)}
dσ
)
ds
1 + ax(t¯l)
t¯l+1∫
t¯l
r(s) exp
( s∫
t¯l
r(σ )
{
1 −
m∑
j=0
bjx
(
τj (σ )
)}
dσ
)
ds
. (2.13)
Proof. Since
d
dt
{
1
x(t)
exp
( t∫
t¯l
r(s)
{
1 −
m∑
j=0
bjx
(
τj (s)
)}
ds
)
= ar(t) exp
( t∫
t¯l
r(s)
{
1 −
m∑
j=0
bjx
(
τj (s)
)}
ds
)
,
we obtain Eq. (2.11). Then,
x(t¯l+1) =
x(t¯l) + x(t¯l)
t¯l+1∫
t¯l
r(s)
{
1 −
m∑
j=0
bjx
(
τj (s)
)}
× exp
( s∫
t¯l
r(σ )
{
1 −
m∑
j=0
bjx
(
τj (σ )
)}
dσ
)
ds
1 + ax(t¯l)
t¯l+1∫
t¯l
r(s) exp
( s∫
t¯l
r(σ )
{
1 −
m∑
j=0
bjx
(
τj (σ )
)}
dσ
)
ds
.
Hence,
x(t¯l+1) − x∗ = x(t¯l) − x∗
+
x(t¯l)
t¯l+1∫
t¯l
r(s)
{
1 − ax(t¯l) −
m∑
j=0
bjx
(
τj (s)
)}
× exp
( s∫
t¯l
r(σ )
{
1 −
m∑
j=0
bjx
(
τj (σ )
)}
dσ
)
ds
1 + ax(t¯l)
t¯l+1∫
t¯l
r(s) exp
( s∫
t¯l
r(σ )
{
1 −
m∑
j=0
bjx
(
τj (σ )
)}
dσ
)
ds
,
from which we get Eq. (2.12) by 1 = (a +∑mj=0 bj )x∗. 
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τ¯ (t) ≡ sup
0jm
τj (t), t  t0, τ¯−1(t0) ≡ sup
{
t | τ¯ (t) t0
}
,
τ−1(t0) ≡ sup
{
t | τ (t) t0
}
, and r¯ ≡ sup
tt0
t∫
τ (t)
r(s) ds.
We need another lemma to prove that the positive equilibrium x∗ is uniformly stable.
Lemma 2.4. Put n0 = min{n | τ¯ n(t0) τ−1(t0)} and δ0 = max−τst0 |φ(s) − x∗|. Then,
for δj = max{|x(s)− x∗| | τ¯−(j−1)(t0) s  τ¯−j (t0)}, 1 j  n0, it holds
δj 
(∣∣1 − a ˆ¯kj ∣∣+ bˆ ˆ¯kj )δj−1, j = 1,2, . . . , n0, (2.14)
where
rj =
τ¯−j (t0)∫
τ¯−(j−1)(t0)
r(t) dt, ˆ¯kj = (x
∗ + δj−1)(exp{rj t¯ (δj−1)} − 1)/t¯(δj−1)
1 + a(x∗ + δj−1)(exp{rj t¯(δj−1)} − 1)/t¯(δj−1) ,
and t¯ (δj−1) = 1 − max
(
x∗ − δj−1,0
)
. (2.15)
Proof. From Eqs. (2.12) and (2.13), we have that
δ1 = max
t0tτ¯−1(t0)
∣∣x(t) − x∗∣∣ (∣∣1 − a ˆ¯k0∣∣+ bˆ ˆ¯k0)δ0.
Hence by inductions, we get Eqs. (2.14) and (2.15). 
Proof of Theorem 1.2. Suppose that there is a t¯l+1 such that t¯l+1  τ−2(t0) and∣∣x(t¯l+1)− x∗∣∣> max
τ 2(t¯l+1)sτ¯ (t¯l+1)
∣∣x(s) − x∗∣∣.
Then, we may restrict ourselves to the following cases:
x
(
t¯l+1
)
> x∗ and D−x
(
t¯l+1
)
> 0, or x
(
t¯l+1
)
< x∗ and D−x
(
t¯l+1
)
< 0.
Suppose that x(t¯l+1) > x∗ and D−x(t¯l+1) > 0. Then, min0jm x(τj (t¯l+1))  x∗. We
choose t¯l < t¯l+1 such that x(t¯l) = min0jm x(τ(t¯l+1)). Thus, by Lemma 2.1, Eq. (2.12),
1 − ak¯(t¯l, t¯l+1) > 0, and∣∣x(t¯l+1) − x∗∣∣ bˆk¯(t¯l , t¯l+1) max
τ 2(t¯l+1)sτ¯ (t¯l+1)
∣∣x(s)− x∗∣∣,
we obtain that
bˆk¯
(
t¯l , t¯l+1
)

bˆx∗ exp(r¯(1 − b
−M)) − 1
1 − b−M
1 + ax∗ exp(r¯(1 − b
−M)) − 1
−1 − b M
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If a  bˆ > 0, then by Eq. (2.13), k¯(t¯l , t¯l+1) < 1/a and we see that bˆk¯(t¯l , t¯l+1) < bˆ/a  1.
If 0 < −b− < a < bˆ, then by assumptions, M = 1/(a + b−) in (1.8) and we have
x∗
(
e
r¯
(
1−b− 1
a+b−
)
− 1
)/(
1 − b− 1
a + b−
)
 1
bˆ − a .
Similarly, if b− = 0 a < b, then M = er¯/(a + b) in (1.8) and we have
x∗
(
er¯ − 1) 1
b − a .
Since
bˆx∗(er¯−b−M − 1)
1 + ax∗(er¯−b−M − 1)  1 ⇒ x
∗(er¯−b−M − 1) 1
bˆ − a ,
these imply
bˆk¯
(
t¯l , t¯l+1
)
 1,
which is a contradiction. Hence we obtain Eq. (1.11).
Now, suppose
∫∞
t0
r(t) dt = +∞.
In the case when x(t) is eventually greater than or less than x∗, by Lemmas 2.1 and 2.2,
we see that x(t) is eventually decreasing or increasing and limt→∞ x(t) = x∗.
Now, we consider the case of a solution x(t) that is oscillatory about x∗. By Eq. (1.11),
we see that lim supt→∞ |x(t) − x∗| = β  0. Next, suppose that β > 0. Then, for 0 <  <
(a + b−)/(a + |b−|) in case of a + b− > 0 and for 0 <  < 1 in case of a = b− = 0, there
is a sequence {t¯k+1}∞k=0 such that{
x
(
t¯k+1
)
> x∗, D−x
(
t¯k+1
)
 0, limk→∞ x
(
t¯k+1
)− x∗ = β,
x
(
t¯k+1
)− x∗ > β(1 − ), and x(t) − x∗ < β(1 + ), for t  t¯1  t0.
Suppose that min0jm x(τj (t¯k+1)) > x∗. Then,
0D−x(t¯k+1) = x
(
t¯k+1
)
r
(
t¯k+1
){
a
(
x∗ − x(t¯k+1))+ m∑
j=0
bj
(
x∗ − x(τj (t¯k+1)))
}
= x(t¯k+1)r(t¯k+1)
{
a
(
x∗ − x(t¯k+1))+ m∑
j=0
b−j
(
x∗ − x(τj (t¯k+1)))
+
m∑
j=0
b+j
(
x∗ − x(τj (t¯k+1)))
}
< x
(
t¯k+1
)
r
(
t¯k+1
){−aβ(1 − ) − b−β(1 + )}
 x
(
t¯k+1
)
r
(
t¯k+1
){−(a + b−) + (a + |b−|)}β  0,
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put
M =


1
a + b− , a + b
− > 0,
1
b
er¯ , a = b− = 0,
and F = x∗ e
r¯(1−b−M−b+x) − 1
1 − b−M − b+x .
By Theorem 1.1, there is a positive constant x such that x(t)  x for any t  t¯1, and
1 −∑mj=0 bjx(t) 1 − b−M − b+x.
Since by assumptions, b+ > 0, 1 − b−M − b+x < 1 − b−M and (ex − 1)/x is a strictly
increasing function of x > 0, there is a constant η > 0 such that
er¯(1−b−M−b+x) − 1
1 − b−M − b+x <
er¯(1−b−M) − 1
1 − b−M
1
1 + η .
We choose the above  > 0 as 0 <  < (1 − a/bˆ)η. By assumptions, we have
∣∣x(t¯k+1)− x∗∣∣ bˆF1 + aF max0jm
∣∣x(τj (t¯k+1))− x∗∣∣,
F < x∗ e
r¯(1−b−M) − 1
1 − b−M
1
1 + η  x
∗ e
r¯ a
a+b− − 1
a
a+b−
1
1 + η 
1
(bˆ − a)(1 + η),
and
bˆF
1 + aF 
bˆ
(bˆ − a)(1 + η) + a <
1
1 +  .
Hence, as k → +∞, we have
β <
1
1 +  (1 + )β = β,
which is a contradiction. Thus, we get β = 0 and Eq. (1.12).
Lemma 2.4 and Eq. (1.11) implies that the positive equilibrium x∗ of Eq. (1.3) is uni-
formly stable and hence, by Eq. (1.12), we see that the positive equilibrium x∗ of Eq. (1.3)
is globally asymptotically stable. 
3. Logistic equations with nonlinear delay terms
In this section, consider the following logistic equation with nonlinear delay terms:
dx(t)
dt
= x(t)r(t){1 − ax(t) − f (x(τ0(t)), x(τ1(t)), . . . , x(τm(t)))}, t  t0, (3.1)
with initial conditions:
x(t) = φ(t) 0, −τ  t  t0, and φ(t0) > 0, (3.2)
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r(t) is continuous on [t0,+∞), r(t) ≡ 0, φ(t) is continuous on the interval [−τ , t0], and
−τ  τj (t) t , 0 j m, and τ (t) = min0jm τj (t) → +∞, as t → ∞.
Assume that for the equation
1 − ax − f (x, x, . . . , x) = 0, (3.3)
has a unique positive solution x∗, where
f (x0, x1, . . . , xm) ∈ C1
[
(0,+∞)× (0,+∞)× · · · × (0,+∞)]. (3.4)
We provide the following lemma.
Lemma 3.1. For tl  t  tl+1,
x(t) =
x(tl) exp
( t∫
tl
r(s)
{
1 − F(s)}ds
)
1 + ax(tl)
t∫
tl
r(s) exp
( s∫
tl
r(σ )
{
1 − F(σ)}dσ
)
ds
(3.5)
and
x(t) − x∗ = (1 − akl)
(
x(tl) − x∗
)
−
x(tl)
t∫
tl
r(s)
{
m∑
j=0
bj (s)
(
x
(
τj (s)
)− x∗)
}
× exp
( s∫
tl
r(σ )
{
1 − F(σ)}dσ
)
ds
1 + ax(tl)
t∫
tl
r(s) exp
( s∫
tl
r(σ )
{
1 − F(σ)}dσ
)
ds
, (3.6)
where
bj (s) =
1∫
0
∂f
∂xj
(
(1 − θ)x(τ0(s))+ θx∗, . . . , (1 − θ)x(τm(s))+ θx∗)dθ,
F (σ) = f (x(τ0(σ )), x(τ1(σ )), . . . , x(τm(σ))),
k(tl, t) =
x(tl)
t∫
tl
r(s) exp
( s∫
tl
r(σ )
{
1 − F(σ)}dσ
)
ds
1 + ax(tl)
t∫
tl
r(s) exp
( s∫
tl
r(σ )
{
1 − F(σ)}dσ
)
ds
. (3.7)
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d
dt
{
1
x(t)
exp
( t∫
tl
r(s)
{
1 − F(s)}ds
)
= ar(t) exp
( t∫
tl
r(s)
{
1 − F(s)}ds
)
we obtain Eq. (3.5).
Then, similarly to Lemma 2.3, we have
x(t) =
x(tl) + x(tl)
t∫
tl
r(s)
{
1 − F(s)} exp
( s∫
tl
r(σ )
{
1 − F(σ)}dσ
)
ds
1 + ax(tl)
t∫
tl
r(s) exp
( s∫
tl
r(σ )
{
1 −F(σ)}dσ
)
ds
.
Hence,
x(t) − x∗ = x(tl) − x∗
+
x(tl)
t∫
tl
r(s)
{
1 − ax(tl) − F(s)
}
exp
( s∫
tl
r(σ )
{
1 − F(σ)}dσ
)
ds
1 + ax(tl)
t∫
tl
r(s) exp
( s∫
tl
r(σ )
{
1 − F(σ)}dσ
)
ds
,
from which we get Eq. (3.6) by 1 = ax∗ + f (x∗, x∗, . . . , x∗). 
Let put
τ¯ (t) = sup
0jm
τj (t), t  t0, and r¯ = sup
tt0
t∫
τ (t)
r(s) ds. (3.8)
Then, similarly to Theorems 1.1–1.3, we obtain the following theorem.
Theorem 3.1. Assume
a  0 and ∂f
∂xj
(x0, x1, . . . , xm) 0, 0 j m. (3.9)
Then, for any r¯ < +∞, there exists t¯3  t0 such that for any t  t¯3,
x  x(t) x¯, for t  t¯3, (3.10)
where
x¯ =
{
1/a, a > 0,
x∗er¯ , a = 0, and x =
1
r¯
min
{
1, er¯(1−b/a)
}
. (3.11)a + b + a(e − 1)
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r¯ max
(
3
2
, ln
2
1 − α
)
, α = a
sup
xxjx¯
m∑
j=0
1∫
0
∂f
∂xj
(
x0(θ), x1(θ), . . . , xm(θ)
)
dθ
,
and xj (θ) = (1 − θ)xj + θx∗, 0 j m, (3.12)
then for a sufficiently large t  t0,∣∣x(t) − x∗∣∣ max
τ 2(t)sτ¯ (t )
∣∣x(s) − x∗∣∣; (3.13)
that is, solutions of Eqs. (3.1)–(3.2) have the contractivity.
Moreover, if ∫∞
t0
r(t) dt < +∞, then
lim
t→∞x(t) = x
∗, (3.14)
and hence the positive equilibrium x∗ of Eq. (3.1) is globally asymptotically stable.
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